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Context 
 
• Characterization of stable invariant subspaces  
•  of an endomorphism:  done  
•  of a pair of matrices:  open problem  
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Notation 
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Gr ( )nd F set of d-dimensional subspaces of 
nF  
orF=? ?  
dP  set of orthogonal projector operators of rank d, 
{ }* 2( ) : , , rankd nP M P P P P P d= ∈ = = =FP  
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Aim 
To obtain computable conditions of stability of 
(A,B)-invariant subspaces 
• Local coordinate charts of M and N   
• M is a manifold 
• Sufficient condition of stability 
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Endomorphisms 
• A-invariant subspace 
Definition ( )nA M∈ F , Gr ( )ndW ∈ F  
( )A W W⊂  
• A-stable invariant subspace 
Definition ( )nA M∈ F , Gr ( )ndW ∈ F  invariant is 
stable if given 0ε >  there exists a 0δ >  such that  
'A A δ− <  for a linear map ' ( )nA M∈ F  implies that 
'A  has an invariant subspace 'W  with ( , ')W W εΘ <  
  5 
Pairs of matrices 
• (A,B)-invariant subspace 
Definition ( )nA M∈ F , , ( )n mB M∈ F , Gr ( )ndW ∈ F  
( ) ImA W W B⊂ +  
• (A,B)-stable invariant subspace 
Definition ( )nA M∈ F , , ( )n mB M∈ F , Gr ( )ndW ∈ F  
(A,B)-invariant is (A,B)-stable if given 0ε >  there 
exists a 0δ >  such that  ( ', ') ( , )A B A B δ− <  for a 
pair ' ( )nA M∈ F , ,' ( )n mB M∈ F  implies that ( ', ')A B  
has an ( ', ')A B -invariant subspace 'W  with 
( , ')W W εΘ <  
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Differentiable structure of M   
• Suggestion of U. Helmke ( dP ) 
• Preliminary results 
Proposition 
(i) dP   submanifold of ( )nM F  
dim ( )d d n d= −P  
(ii) { }*[ , ] : , ( )P d nMT P= Ω Ω = −Ω Ω∈ FP  
[ , ]P P PΩ = Ω−Ω  
(iii) Gr ( )ndd ≈ FP  
 
Proposition 
, ,( ) ( ) ( )n n m d m nM M M= × × ×PN F F F  
{ }( , , , ) : ( ) ( )A B P F A BF P P A BF P= ∈ + = +  NM  
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Differentiable structure of M  
• Local coordinate charts of M and N   
We consider 0 0 0 0( , , , )A B W F ∈N  such that 
0 Im 0
dIW ⎡ ⎤= ⎢ ⎥⎣ ⎦  
Lemma  
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is an open set of N  that contains 0 0 0 0( , , , )A B W F  
Lemma 
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Differentiable structure of M  
• Local coordinate charts of M and N   
Proposition      
2 ( ) 2
0:
n d n d nm+ − +γ →F N  
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0( , γ)N  coordinate system of  the manifold N  
Theorem          
2 22 ( ) 2: n nm n d n d nm+ + − +ψ →F F  
1 2 4 1 2 1 2 1 2 1 4 2
1 1 1 2 2 1 2 2 4 1 2 1 2
( , , , , , , , ) ( , ,
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θ := γ ψ?  
0( ,θ)M  coordinate system of  M 
⇒ M is a manifold,  2dim 2n nm= +M  
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Differentiable structure of M  
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Theorem           M submanifold of N  
Proposition       ( , , , )A B P Fχ = ∈M  , 
{
}
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Differentiable structure of M  
Proof  (Tangent space of M) 
Smooth map ϕ 
: ( )
( , , , ) ( ) ( )
nM
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ϕ →
= + − +?
FN
 
(0)−1= ϕM   
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( )*, trX L XL〈 〉 =  ;  ( )* Im dL χ ⊥∈ ϕ  ⇔ 
(
)
, ,
*
tr ( ) ( ) ( )
[ , ]( ( ) ( ) ( ) ) 0
( ), ( ), ( ),
( ),
n n m m n
n
A BF BF P A BF P P A BF P
P L A BF LP A BF A BF PL
A M B M F M
M
+ + + + − + +
+ Ω + − + − + =
∀ ∈ ∀ ∈ ∀ ∈
∀Ω∈ Ω = −Ω
? ? ? ? ?
? ? ?F F F
F
 
  11 
Differentiable structure of M  
 
⇔  ( ) 0PL I P− =  
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⇔  3 0L =  
rank d ( )d n dχ = −ϕ  
2 2
dim dim rank d
( ( ) 2 ) ( ) 2n d n d nm d n d n nm
χ= − ϕ =
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M N
 
( ) ( )dim Ker d dim Tχ χϕ = M  
Ker dTχ χ= ϕM  
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Stability of (A,B)-invariant subspaces 
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                               1( , , , ) ( , , )A B P F A B Fπ =  
                                2 ( , , , ) ImA B P F Pπ =  
• Properties of 2π?    
Proposition         
(i) ( , , , )A B P Fχ = ∈M  ,  rank d ( )d n dχ2, = −π?  
(ii) : Gr ( )nd2π →? M F  is a submersion 
  13 
Stability of (A,B)-invariant subspaces 
• Sufficient condition of stability 
Theorem       ( , , , )A B P Fχ = ∈M  , 
d bijective ( , )-stableA BWχ1,π ⇒?  
{ } { }: ( )( ) ( ) 0 0P dP T I P A BF P P A BF P∈ − + − + = =
?
? ? ?P
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Comparison with stability of A-invariant 
subspaces 
Given an endomorphism, 
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                                                  1( , )A W Aπ =  
                                                                          2 ( , )A W Wπ =  
• Sufficient condition of stability 
Theorem       ( , )A W ∈M , 
( , )d bijectiv stableeA W AW1,π ⇒ −?  
*
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P P
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